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Abstract 

A genuine notion of black holes can only be obtained in the fundamental framework of quantum gravity 
resolving the curvature singularities and giving an account of the statistical mechanical, microscopic 
degrees of freedom able to explain the black hole thermodynamic properties. As for all quantum systems, 
a quantum realization of black holes requires an operator algebra of the fundamental observables of the 
theory which is introduced in this study based on aspects of loop quantum gravity. From the eigenvalue 
spectra of the operators for the black hole area, charge and angular momentum, it is demonstrated that 
a more general bound on the extensive parameters, other than the relation arising in classical general 
relativity, holds, implying that the extremal black hole state can merely be reached asymptotically. 
Quantum mechanical considerations and the lowest, non-zero eigenvalue of the loop quantum gravity 
black hole mass spectrum indicate, on the one hand, a physical Planck scale cutoff of the Hawking 
temperature law and, on the other hand, give upper and lower bounds on the numerical value of the 
Immirzi parameter. This analysis provides an approximative description of the behavior and the nature 
of quantum black holes. 



e-mail: christian.roeken@cpt.univ-mrs.fr 



1 Introduction 



In loop quantum gravity, a recent attempt to reconcile the theories of general relativity and quantum 
mechanics into a single, consistent picture, black holes are usually described in the quasi-local frameworks of 
isolated and dynamical horizons (Ashtekar et al., 1998; Ashtekar, Baez & Krasnov, 2000). Microscopically 
they are regarded as gases of non-interacting, distinguishable particles or rather topological boundary 
defects (Rovelli, 1996) with a discrete energy spectrum given by the area spectrum. The defects are caused 
by the polymer-like spin network excitations in the spacetime bulk structure that puncture the black hole 
horizon. 

These particular versions of quantum black holes have their origin in the spin network representation of 
loop quantum gravity (Rovelli & Smolin, 1995). There, the quantum gravitational states are described in 
terms of diffeomorphic equivalence classes of abstract graphs colored with irreducible representations of 
SU(2) on their links (spins) and invariant SU(2) intertwiners on their vertices. Conceptually, the graphs 
replace space on a fundamental level. One can think of spin networks as duals of cellular decompositions of 
space, where a certain volume is associated to a vertex and each boundary area with certain links. Given 
a black hole horizon with the topology A ~ S 2 x R, then its geometry is completely determined by the 
intersections of the graphs with its boundary (assuming that degenerate cases, where vertices of the graphs 
will be on the surface, do not exist). Labeling such intersections with p G N + = {1,2,3, ...} and assigning 
to each link going through p the color j p G N/2 = {0,1/2,1,3/2,...}, one characterizes the quantum 
geometry of the surface by a p-tuple of spins j = j p ) giving rise to a total black hole surface area 

A = 8irlpf3 y 7 jp(j p + 1), where (3 denotes the free parameter of loop quantum gravity called Immirzi 
parameter and l p = \fh is the Planck length in geometrical units G = c = 1. 

The thermal properties of black holes and the corresponding laws of black hole thermodynamics (Bardeen, 
Carter &: Hawking, 1973), discovered by Hawking and Bekenstein (Hawking, 1974 &: 1975; Bekenstein, 
1973) studying quantum field theory in curved spacetimes in which effects coming from quantum geometry 
are not considered, could be recovered from a statistical mechanical account of the microscopic horizon 
degrees of freedom (Barreira, Carfora k, Rovelli, 1996; Krasnov, 1999a; Meissner, 2004; Agullo et al., 
2010; Engle et al., 2010; Frodden, Ghosh k, Perez, 2011) in a quasi-local version in loop quantum gravity. 
This approach also discloses a new quantum hair (Ghosh & Perez, 2011) as a purely quantum geometrical 
phenomenon. The statistical mechanical analysis of isolated horizons in the framework of loop quantum 
gravity fully complies with Hawking's and Bekenstein's findings since the quantum hair is irrelevant at the 
semiclassical level. 

In order to have a proper quantum description of black holes one requires, as for all quantum systems, an 
operator algebra of fundamental observables. This study approaches this problem and provides such an 
algebra from a heuristic point of view, also clarifying the meaning and choice of fundamental observables. 
As elements of this specific algebra, the black hole charge and angular momentum operators possess discrete 
sets of eigenvalues which, in conjunction with the area eigenvalues, lead to a modification of the upper 



1 



bound on the area, charge and angular momentum relation of classical general relativity, suggesting that 
it is impossible to reach the extremal black hole state as a result of quantum geometry. Further, having 
the kinematical loop quantum gravity area spectrum at hand, a discrete mass spectrum for quantum 
black holes is derived. Including quantum mechanical considerations related to Heisenberg uncertainty 
principles, one is able to infer upper and lower bounds on the lowest, physical, non-zero black hole mass 
eigenvalue. This yields, at the same time, a restriction of the allowed values of the Immirzi parameter f3. 
As a consequence of the lowest, physical black hole mass state in the final phase of the evaporation process, 
a Planck scale cutoff of the Hawking temperature law is in effect, which in turn constrains the values of 
the kinematical horizon area spectrum. Thus, in this paper some properties of quantum black holes are 
addressed within the framework of loop quantum gravity leading to approximate solutions of several major 
issues in fundamental physics. 



2 Quantum Black Hole Algebra 



In classical general relativistic physics a generic, stationary black hole state is given by the Kerr-Newman 
vacuum solution of Einstein-Maxwell theory (Newman et al., 1965). The extrinsic black hole parameters, 
mass M, electric charge Q and angular momentum J, are defined through the asymptotic behavior of 
the geometry and the electromagnetic field seen by an observer stationed at infinity. Disregarding more 
exotic charges like color, skyrmion number or the quantum numbers from non-abelian Yang-Mills or Proca 
fields, the no-hair conjecture postulates that all black hole solutions are completely determined by only 
these three classical quantities (Misner, Thorne, & Wheeler, 1973) implying the loss of all information on 
the details of the inner structure, the topology and dynamical aspects. This indicates that the black hole 
interior is causally disconnected from its exterior. The coupling between both regions takes place only at 
the horizon. Therefore, it makes sense to consider the area of the event horizon boundary expressed as a 
function of M, Q and J 
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where r + = M + \J M 2 — Q 2 — J 2 /M 2 denotes the Schwarzschild radius and a = J/M the angular momen- 
tum per unit black hole mass, as another classical observable of the Kerr-Newman black hole. This concurs 
with the view that an outside observer who is completely cut off from the inside region is just able to quan- 
tify the event horizon geometry as a practical black hole feature. In order to establish a proper algebraic 
quantum description for the dynamics of black holes, one has to identify the fundamental observables of 
the theory. The classical sector provides a set of four reasonable, equivalent parameters {M, Q, J, A}, with 
merely three of them independent. This raises the question of the choice of the trivalent subset of classical 
variables that is promoted to quantum operators functioning as fundamental observables of the quantum 
theory leaving the remaining variable corresponding to a secondary observable. 
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2.1 Fundamental Observables 



The most general type of black hole is the charged and rotating Kerr-Newman black hole. Special cases are 
given by the rotating Kerr, the charged Reissner-Nordstrom and the static Schwarzschild black holes. They 
all have one non-zero feature in common, the mass M. One can have a black hole with Q = J = and 
M > but never with M = and \Q\ > and/or J > 0. Therefore, charge and angular momentum are 
additional structures that can be imposed and are preferably fundamental observables in a quantum theory. 
One last question remains: Which of the two black hole parameters, mass M or area A, should be selected 
for the role of the third fundamental variable? Given that from Eq.fTjTJ it is evident that there is, a priori, no 
difference in either choosing the mass or the area as quantum observable, the answer is simple: The choice 
depends, in an experimental setting, on the quantity one intends to measure as well as on the measurement 
device itself and, in a theoretical setting, on the available mathematical quantities (dynamical equations, 
spectra, ...) and their computability. Measuring or having a direct, theoretical eigenvalue spectrum of M 
given by an ordered n-tuple (Mi, M n ), the specific information on the eigenvalues of area, charge and 
angular momentum, according to Eq.([T]), enter implicitly in the Mj-values. Thus, this M-spectrum encodes 
this detailed information. Then again, if one were to measure or have a direct, theoretical area spectrum 
at hand with values (A\, A n ), this would encode the information on the mass (Mi,...,M n ), charge 
(Qi, ...,Q n ) and angular momentum (Ji,..., J n ) eigenvalues. Inverting Eq.([jQ) with respect to M would, 
hence, yield the values Mj(Qj, Jj, Aj) = Mj(Ms, Mrn , Mk-) that reveal something about the inner structure 
of the Kerr-Newman mass with Schwarzschild (S), Reissner-Nordstrom (RN) and Kerr (K) contributions, 
while the A{ hide them. The same argument also applies for Ai(M{, Qi, Jj) in the case of measuring or 
having a direct, theoretical mass spectrum. Both (A\(Mi, Qi, Ji), A n (Mj, Qi, Ji)) (or (Mi, M n )) of the 
former and {A\, A n ) (or (Mi(Qj, Jj, Ai), M n (Qi, Jj, Aj))) of the latter case are complete, equivalent 
descriptions of the area (or mass) spectrum, however, the first is indirect with respect to A and direct 
with respect to M, while the second one is direct with respect to A and indirect with respect to M. 
The central point of the analysis presented here, is the discrete, kinematical loop quantum gravity area 
spectrum accounting for the black hole event horizon surface in a simple, direct eigenvalue form (A\, A n ) 
implicitly containing all information on the black hole mass, charge and angular momentum. Therefore, it 
is most suitable to take the area A as the third fundamental observable. 

2.2 Construction of the Quantum Black Hole Algebra 

In the algebraic approach to black hole quantization introduced in this paper, one considers the operator of 
the black hole horizon area Ah alongside the operators of the electric charge Q and the angular momentum 
J as the fundamental quantum observables of black holes with elementary inputs and assumptions coming 
from loop quantum gravity and the requirements of local SO(3) as well as global U(l) gauge symmetries. 
The area operator of a surface S is the simplest realization of a geometric observable in loop quantum 
gravity (De Pietri k. Rovelli, 1996; Dona & Speziale, 2010). It is constructed to yield 
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acting on spin network states with a discrete eigenvalue spectrum accounting for the area of S. The 
sum includes all spin contributions j p G N/2 associated to the finite number of punctures p caused by the 
intersections of the links of the spin network graph T through S. The spin network states diagonalize the 
area operator and, thus, are eigenstates thereof. The lowest, non- vanishing area eigenvalue is the Planck 
scale or area gap A m i n = 4\/37rZ 2 f3 providing a physical ultraviolet cutoff for the surface degrees of freedom. 
Note that the geometrically motivated area spectrum ([2]) resembles the angular momentum spectrum of 
the Casimir invariant J 2 of the three-dimensional rotation group suggesting that a Casimir operator J p 2 
can measure the quantum area of a given surface structure. This relation is discussed in detail in Krasnov 
& Rovelli (2009) and in Bianchi (2011). They consider a system of n particles each having a spin j p , where 
p G N + , with states in a single-particle tensor product Hilbert space U = %Ch) <g, ... (g, %0n). Simultaneous 
eigenstates of the ith component Jp of the angular momentum operator and of the Casimir operator J p 2 
constitute an orthonormal basis for T~L. These states are the aforementioned spin network states tp-p. Since 
Jp and Jp have eigenvalues of the forms ~ m p and ~ jpC/p+l), respectively, where m p is the spin projection 
quantum number of the pth link, which can, in general, take on the values {— j p , —j p + 1, —,j p — 1, jp}, it 
makes sense to display the spin network states in the more explicit notation tpr = \{jpi "Vfi ; •••)• It is 
important to stress that now both the spin j p and the spin projection quantum number m p label the links 
puncturing the surfaces of interest. A semiclassical argument can be used to set a bound on the angular 
momentum spectrum of the black hole 

n 

J = l 2 p f3j2m p . (3) 
P =i 

Rotationally invariant spin network states fulfill the operator constraint 

n 

'£j p i \{j p ,m p y{;...)=0. (4) 

P =i 

The semiclassical limit of this equation becomes the closure condition 

n 

^2j P n p = 0, (5) 
P =i 

where J p — > j p G M 3 and j p := ||j p || are the SU(2) spin labels. The vector n p is a normal to the surface 
pierced by the pth link. It also follows that 
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For states carrying angular momentum, one can, therefore, infer from the generalization of Eq.Q for 
rotations around the 1-direction, given by 



J2 j;\{j P ,m p }?;...) = ^S[\{j p ,m p }^...), (7) 

P =i l p p 

an upper bound on the angular momentum eigenvalue spectrum ([3]) of the form 

J<l 2 p (3^2jp- (8) 

v 

This relation differs from the intuition of Krasnov (1999b) merely by the factor /3 which has to be introduced 
for consistency reasons with classical general relativity which will become clear later. With this loop 
quantum gravity setup in mind a black hole horizon area operator Ah as well as a black hole angular 
momentum operator J % with actions 



A H \{j p ,m p }^...) =A H \{j p ,mp}?;...) =8^/3 ^yf j p (j P + l)\{jp,m p }?; . ..) (9) 

p=l 



and 



l 2 p Pj2^\{^ m p}^-) = J5 l i\{j P ,m p }^...) =l 2 p P8\Y j rn p \{j p ,m p }^...) (10) 
P =i P =i 

on the space of spin network states, satisfying the angular momentum bound (JSj) , can be defined. Together, 
they establish the quantum geometry of the black hole horizon. What follows in this subsection is done on 
the basis of an algebraic study by Bekenstein (2002) specifically carried out for black holes in loop quantum 
gravity. A generic quantum black hole state \BH^ has to be identified, in addition to the geometric numbers 
j p for the area and m p for the angular momentum, with a quantum number q for the electric charge of 
the black hole (eq is an eigenvalue of the charge operator Q with q G Z and the elementary charge e) and 
a parameter d G N + determining the degree of degeneracy so that \BH^ := \j p ,m p ,q,d). These quantum 
numbers are necessary for a microscopic account of the distinguishable, internal states. One can define 
a vacuum black hole state by \vac) := |0, 0,0, d). Each state \j p , m p , q, d) correlates with an operator 
Zj p ,m v ,q,d such that 
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m p , q, d) = Z jptmpjq>d \vac) 



(11) 



Given the kinematical black hole configuration space spanned by the states \j p , m p , q, d) , it appears sufficient 
to consider the operators Ah, Q, J, Zj p , mp ,q,d and the unity or identity operator / for a heuristic construction 
of an algebraic quantum theory of black holes. The foundation of this algebra is the set of operator equations 

Ah lip, nip, q, d) = A H \j p , m p , q, d) 
lp\ff3Q lip, m p , q,d) =Q |ip, m p , q, d) 

(12) 

lp P J |ip, m p , q,d) = J |ip, m p , q, d) 
I\j P , m p , q, d) = |ip, m p , q, d) , 

with the discretized spectra Ah = 8ttI p PYl p =i y / j p (j p + 1), Q = l p ^f]3eq and J = l p (3 Yl P =i m pi which 
is partially based on (|9|) and (fTU|) . and the state operator Zj v ^ mptqt d- 

By definition of \vac), direct actions of Ah, Q and J on the vacuum state lead to 

Ah \vac) = Q \vac) = J \vac) = 0. (13) 

Further, closure and linearity are imposed on the algebra, i.e., the commutators of any two operators of the 
algebra, on the one hand, do not produce new operators that are not already elements of the algebra and, on 
the other hand, are linear combinations of some of the operators inherently present. It is physically justified 
to demand that both area and charge should be invariant under SO (3) rotations and that, since the electric 
charge is the generator of the U(l) symmetry of electromagnetism, i.e., of global gauge transformations, 
the area should also be U(l) gauge invariant. These requirements entail the commutators 

[A H ,J] = [Q,J] = [A H ,Q]=0. (14) 

From another perspective, since the area operator Ah is associated to the Casimir operator J 2 of the 
angular momentum operator J, which have simultaneous spin network eigenstates, it is obvious that 
Ah and J commute. Eq. (|14p is necessary for quantum black holes to have simultaneous area, charge 
and angular momentum eigenstates. This is required for having a full account on all relevant black hole 
characteristics. With Q\j p ,m p ,q,d) = eq \ j p ,m p ,q,d) , one can deduce a more general operator equation 
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e Zj p ,m v ,q,d \vac) = e Keq Z jptmp! q t d \vac) , with ^el, 



J£eq 



(15) 



which in turn gives, up to an approximation error of the order 0(£), the basic commutator 



[Qi Zj p ,m p ,q,d\ e Q^jp,m p ,q,d- 



(16) 



All non- vacuum black hole states \j p , m p , q, d) must transform under SO (3) rotations as the corresponding 
spinorial harmonics Y and, hence, Zj rnp,q,d m ust behave like an irreducible spinorial tensor operator of 
rank j p 



.p=i 



-'j p ,m p ,q,d- 



(17) 



The horizon area operator Ah commutes with the black hole state operator Z. 



j p ,m p ,q,d 



as follows 



[A H , Z jptmpiqjd ] = 8vr/2 p ^ Jjp(j P + 1) Z jp>mpA)i 



(18) 



This can be shown with a straightforward calculation by the action of Ah on the vacuum state. For 
clarity it is useful to introduce the compact notation Z^ := -2^ ) ,(771,,) ,g ,<i f° r a black hole state in the 
//-configuration. Then, according to the closure and linearity requirements, 



[Zp, Z u ] = ^ a ' r iivZ-T + b flu T+ CfwA + d^vQ + e^J 



(19) 



with all constants a T IJJ/ , b^, c^, d^ v and antisymmetric in fj, and v. As proposed in Bekenstein (2002), 
one assumes that for fixed [/, 7^ v, a 7 ' ^ 7^ for at least one index value t and, therefore, Z^ and Z v never 
commute. Commutativity would forbid scenarios where black hole mergers occur and, since it is known 
from the classical sector that they exist in nature, quantum non-commutativity is the simplest way of 
implementing this on a fundamental level. The Jacobi identity 



Ah, Zfj,, Z v A H ] \ + \Z v , [A h ,Z i 



(20) 



together with Eqs. (fT8|) and (jX9|) determines the constants bn V = Cu V = dn U = e«w = and leaves 
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A H [Z^ Z v \ = «V i^tot Z T = 8tt£ (3 1 



p=i 



+ 



.p=l 



%,Z V ] (21) 



with [Aff] t(rf = [Ah"L + [Aff];,- The same procedure can be carried out for Q and J which yields 



Q [Z/j., Z v ] =e(q fl + q v ) [Z^, Z u ] 



(22) 



and 



J \_Zf_i , Z v 



.p=i 



+ 



E 

,p=i 



["^/tij Zy\ 



(23) 



The hermitian conjugate of the black hole state operator Z^ has the characteristics of an annihilation 
operator 



[A H ,Zl\=-[A H ] fl Zj l . 



(24) 



Because of this, it directly becomes obvious that the following three equations hold 



A H [ZI,Z V ] =8tt1 2 p /3\ 



. P =i 



Q [zt,Zv] =e(q v - ?Ae) [Zj,,, Zv 



(25) 



E 

, P =i 



.p=i 



From Eqs. (f2Tj) . (f22j) . (f23j) and ([25]) it can be concluded that [Z^Z^ and [Z^Z,^ are physical black hole 
states as well. The explicit knowledge of how Kerr-Newman quantum black hole states behave is essential 
because quantum dynamics is at the bottom of every physical system and it is, therefore, imperative to 
have a fundamental picture of the nature of black hole quantization. The algebraic approach established 
here from heuristic, spectral considerations and assumptions emerging from loop quantum gravity and 
specific symmetries of the fundamental, discrete observables, gives a basic perspective on this topic. 
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3 Further Loop Heuristics 



3.1 Extremal Black Holes & New Bound on Black Hole Mass, Charge and Angular 
Momentum 



The cosmic censorship conjecture (Wald, 1984) of classical general relativity roughly states that black holes 
emerging from gravitational collapse are always expected to be hidden behind a horizon never producing a 
naked singularity which is considered unphysical. This imposes the classical, physically motivated bound 



M 2 

which in terms of the black hole horizon area reads 



M 2 > Q 2 + ^ (26) 



A H > 4vrv/Q 4 + 4J 2 . (27) 

This bound gives a restriction to just those situations one anticipates to apply in real gravitational collapses. 
The equality holds for the case known as extremal black hole, where area, charge and angular momentum 
are balanced. This type of black hole appears to be quite unstable because even a very small perturbation 
can bring it to cross over to the forbidden region A H < in^Q^ + U 2 . The area spectrum Q and the 
restriction (JHJ on the angular momentum spectrum (110p . however, indicate that black holes with extremal 
parameters do not exist, thus, avoiding the issue of black hole instability. In order to see this, it is sufficient 
to limit the discussion to black holes of the Kerr family with Q = 0, which simplifies, but does not change 
the nature of the argument presented. The classical general relativistic constraint (|27p . then, becomes 



A H > 8vrJ. (28) 

From the discretized area spectrum Ah and the angular momentum bound ([8]), one can infer the strict 
inequality 



A H = 8vr/ 2 \/ip(jp + 1) > PY.ip~^ 87rJ - ( 29 ) 
p=i p=i 

This shows that the classical general relativistic bound (|28p for Kerr black holes can never be saturated. 
In the classical limit j p — > oo on the other hand, where the area spectrum is of the form 
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n 

A% = 87rl 2 p l3J2jp, 
P =i 



(30) 



one recovers (|28|) . thus, making a saturation possible. But since the true, physical area is given by Ah in ©, 
the occurrence of an extremal black hole state is impossible. It can merely be reached asymptotically. For 
the purpose of phenomenological studies, one can compute the first-order quantum geometrical correction to 
inequality (|28p to obtain an effective representation of inequality (|29p . Based on the latter strict inequality, 
the leading-order loop quantum gravity correction Clqg to the classical horizon area 



A s H cl = A c H l + Clqg > Sir J (31) 



reads 



C LQG = 2TTl 2 p f3n(n + l), (32) 

where n is the total number of punctures of the horizon. This formula is not valid at small scales (order 
of Planck area I 2 ) anymore. It ignores quantum geometrical substructures and short distance degrees of 
freedom yielding an approximation just including the appropriate semiclassical degrees of freedom. 



3.2 Final Phase of the Black Hole Evaporation Process, Hawking Temperature Law 
Cutoff and Upper and Lower Bounds on the Immirzi Parameter f3 

Due to quantum mechanical effects near the event horizon, found in a semiclassical analysis examining 
quantum scalar field theory in curved spacetimes, black holes are supposed to emit a certain form of 
radiation, the Hawking radiation, which has, for sufficiently heavy black holes, the characteristic, continuous 
frequency spectrum of a black body (Hawking, 1974 & 1975). This radiant emittance reduces the mass of 
the black hole and provides, therefore, a way for a black hole to evaporate. Bekenstein (1973) predicted that 
black holes should have finite, non-zero temperature and entropy. This radiation can be seen as a result of 
such thermodynamic properties of black holes. It is also required by the Unruh effect and the equivalence 
principle when applied to black hole horizons. The main component of this radiation is thermal. Since the 
temperature of a solar mass black hole is extremely low, its thermal energy is not high enough to exceed the 
rest energy of the lightest, massive particles so that effectively only thermal radiation (massless photons) 
can be produced. Nonetheless, when the black hole slowly evaporates due to this process (t ev ~ 10 74 s for 
a solar mass black hole) it becomes hotter according to the Hawking temperature law 
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thus, at a certain stage, the thermal energy of the black hole becomes sufficiently high in order for Hawking 
radiation to consist of various elementary particles. In the final phase of the black hole evaporation process, 
when the remaining black hole mass becomes extremely small, the temperature, according to Eq, (l33p . 
increases rapidly and reaches unphysical values. In the following a heuristic chain of arguments is used 
to show that a Planck scale cutoff of the black hole temperature is in effect. Considering the evaporation 
process of a quantum black hole, it must obey a Heisenberg uncertainty relation 

AEAt > |. (34) 

By interpreting the quantum uncertainties, as was already done by Nils Bohr in the famous Bohr-Einstein 
debates, as intervals over which specific physical quantities of the quantum object are spread and, therefore, 
giving a measure of their extension, AE determines the rest energy of the black hole and At its complete 
evaporation time. It should be pointed out that the interpretation of an uncertainty as a measure of the 
total extension is only valid for the ultimate transition to the zero-eigenvalue of the quantity of interest. 
With the Hawking particle, which is emitted during the evaporation, having the proportion Ax and carrying 
the momentum Ap = AE, thus, taking away the residual quantum black hole mass leaving a state devoid 
of any black hole, one associates another Heisenberg uncertainty relation 



AxAp > |. (35) 



The applications of both uncertainty principles (I34p and (|35p to an ultimate Hawking radiation burst 
yield upper and lower bounds on the black hole mass beyond which no physical black hole can exist. 
Substituting AM for the quantum black hole rest energy AE and 51207r(AM) 3 //i for the evaporation time 
At in inequality ()34j) yields the lower minimal mass bound 



M min = AM > 0.075M p , (36) 

where M p denotes the Planck mass. With the Compton wavelength Ax = h/AM and the momentum 
Ap = AE = ksAT = h/ (8ttAM) of the Hawking particle, one obtains, based on inequality (|35j) . the 
upper minimal mass 

M min = AM < 0.707M p . (37) 
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Since inequality (|36p can be understood as a lower bound on the physical mass of a quantum black 
hole before it completely evaporates in a final emission carrying away a mass portion that is at least 
M m in = 0.075M p (but bounded from above with a limit given by 0.707M P ), one cannot find any low-mass 
quantum black holes with minimal masses below M = 0.075M p . One can reach the same conclusion on a 
minimal black hole mass via order of magnitude estimates from loop quantum gravity. There, the smallest, 
physical length scale is of the order of the Planck length L ~ 10~ 35 m which has the consequence that, when 
the Schwarzschild radius of a black hole reaches this critical value, its mass will be of the order M ~ M p . 
Since, according to this particular model of canonical quantum gravity, one cannot find a smaller, physical 
length scale in nature, a black hole cannot have a mass that falls below the Planck mass in accordance 
with the former quantum mechanical argument. It is, therefore, relevant and necessary for physical black 
hole applications to limit the values of the spin j p of the kinematical loop quantum gravity area spectrum 
from having elements in N/2 to N + /2. A proper computation of the full dynamical horizon spectrum is, 
hence, expected to show that the spin value j p = has to be excluded. Note that this restriction on 
the spin labels does not contradict the black hole vacuum state \vac) because this state represents merely 
a mathematical instrument for the construction of the physical black hole states Nothing in the 

algebraic analysis suggests that \vac) is a physical black hole state. Accordingly, one has a lowest, physical 
black hole state with a minimal mass M m i n ~ M p which suggests that an ultraviolet cutoff of the Hawking 
temperature at M = M m i n is required, ensuring a well-defined behavior of formula (|33p . For M = 0, after 
the final Hawking emission did occur, the black hole ceases to exist and the Hawking temperature law loses 
its validity. One can take a more comprehensive look at the issue of the black hole mass levels from the 
point of view of loop quantum gravity heuristics. A mass spectrum M can be computed by means of the 
Christodoulou-Ruffini formula (Christodoulou & Ruffini, 1971), the inverse of Eq.([T]), 



and the discrete spectra of area A = Ah, charge Q and angular momentum J which are given below 
Eq.(H2D, yielding 



M = L 



P 



2E^vmTi) \ 



^ 1 jpijv + 1) + -4-) + ( ^ m > 



P =i 



P =i 



(39) 



This gives reason for a secondary operator equation for a mass operator M of a quantum black hole 



l p yffi M \j p , mp, q,d) = M \j p , m p , q, d) (40) 

in accordance with Eq. (ll2p for the fundamental observables {Q, J, A}. The mass spectrum of Schwarzschild- 
type black holes is, in SI units l p — > M p , thus, discretized in units of the Planck mass M p 
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n 

E^Svfi). (41) 

The lowest, non-zero mass eigenvalue reads 



Mroin _ (42) 

while higher eigenvalues also result in multiples of M p according to Eq. (|4ip . Only in the large j p limit 
confirms this spectrum Bekenstein's presumption of a mass spectrum of the form M n ~ y/hn, with n G N, 
emerging from an equispaced area spectrum for quantum black holes. The transition from one black hole 
mass level to another can, in general, only be realized by the particular quantum mass jumps given by 
Eq. (14ip . The average spacing between the mass levels decreases exponentially with M (Barreira, Carfora 
& Rovelli, 1996). Note that the conclusions drawn from Eqs.(|36]) and (|37p are, therefore, only valid for the 
final transition M m i n — > in the quantum black hole regime. Comparing the lowest, non-zero kinematical 
eigenvalue (|420 of the loop quantum gravity black hole mass spectrum (|4ip to the lower and upper bounds 
(|36p and (I37p . respectively, restricts the numerical value of the Immirzi parameter in the following way 



M(Q = J = 0) = M p \l | x 



\ 



0.013 < 8 < 1.154. (43) 

This rough estimate includes all those values for j3 arising from studies of the thermal properties of isolated 
horizons (/3 0.127 in Ashtekar et al. (1998); /3 « 0.238 in Meissner (2004); /3 « 0.274 in Agullo 
et al. (2010)), of quasinormal modes of black holes (/3 ~ 0.124 in Dreyer (2003)) or of semiclassical, 
statistical mechanical descriptions in terms of shapes of tessellated horizons and conformations of closed 
polymer chains (/3 ~ 0.274 in Bianchi (2011)). The Planck scale cutoff at M m j n obtained through heuristic 
considerations from quantum mechanics and loop quantum gravity, respectively, stops the black hole from 
getting infinite temperature in the final phase of the evaporation process. The black hole can only reach a 
finite, maximum temperature of T max = ^/(87r/c^M m j n ) ~ T p . Thus, before the total evaporation, one is 
left, however, with a minimal black hole of extreme, but finite, physical characteristics of Planck-order. 



4 Discussion &; Conclusions 



Loop quantum gravity provides a discrete, quantum geometrical eigenvalue spectrum for an area operator 
A for arbitrary surfaces that can be used to characterize the quantum structure of black hole horizons. The 
horizon surface, as a fundamental observable in terms of this operator, can be used, along with the black hole 
charge and angular momentum operators Q and J, for a heuristic, spectral study of quantum black holes 
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giving an algebraic account of the simultaneous relations between this set of operators. Spectral estimates 
on the possible configurations of the area, charge and angular momentum eigenvalues as well as bounds 
on the lowest, physical black hole mass level yield, in particular, kinematical and dynamical aspects that 
shed a new light on and leads to a more accurate description of the evolution of black holes. Following this 
heuristic sentiment, it could be shown that the black hole parameters Ah, Q and J fulfill a less restrictive 
inequality (|29p implying that no extremal black holes can exist, which complies with the fact that none 
have thus far been observed in nature. Besides, black holes have a minimal, non-zero mass that is given 
by the lowest, physical mass eigenvalue derived from the kinematical loop quantum gravity area spectrum 
via the Christodoulou-Ruffini formula introducing a finite, ultraviolet cutoff of the Hawking temperature 
law. This indicates that in the dynamical black hole horizon area spectrum at least the spin j p = has 
to be excluded. Quantum theoretical considerations relating to the minimal black hole mass regulate the 
free Immirzi parameter j3 of loop quantum gravity to have a numerical value approximately between 0.013 
and 1.154. This interval contains all the values obtained in more sophisticated approaches. Accordingly, a 
coherent picture of the different stages in the life of a black hole emerges. After the gravitational collapse, 
infalling matter and radiation present in its vicinity serve as a "food source", while the black hole itself 
emits a steady flux of Hawking radiation. This mass-energy is emitted/absorbed only in discrete portions 
according to the mass spectrum (|39p . i.e., the black hole is only allowed to make quantized jumps in its 
mass levels. Since the density of the spectral lines grows exponentially with the black hole mass, one 
recovers, for large black holes, a quasi-continuous Planckian emission spectrum. When all the surrounding 
matter and radiation is finally absorbed, the black hole can begin its true evaporation. There exists no 
process able to suppress this. It starts to shrink at a rate that depends on its extrinsic parameters. First 
very slowly with purely thermal emissions, then faster and faster, while also non-zero rest mass particles 
can be produced. Before the total evaporation, it can reside in a minimal black hole state exhibiting purely 
Planck-order characteristics. 
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